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HOCHSCHILD COHOMOLOGY OF GisCFp) 



VANESSA MIEMIETZ AND WILL TURNER 



^_a^ ' Abstract. We compute the Hochschild cohomology algebra of GL2 over an 

Cn ' algebraically closed field of characteristic p > 2. 



(N 

1. Intro. 

pr . . Hochschild cohomology is a basic invariant which sends a finite dimensional algebra 

A to a super-commutative algebra HH{A) = Ext^_^Q(j_^(^). The algebra HH{A) 
can be thought of as the derived centre of the algebra A, given as it is by the 
formula HH{A) = H* End^ _mod- A (^) , where A is a projective resolution of A in 
the category A -mod- A of yl-A-bimodules; to see the analogy compare with the 
formula Z{A) — End^_mod-yi(^) for the classical centre Z{A) of A. If M is any 
A- module, then the natural algebra homomorphism Z{A) -^ Hom^(M, M) extends 
^ ' to a natural algebra homomorphism HH{A) — !> Ext^(Af, M). 

o : 

^^ , Like other algebras obtained by taking derived endomorphisms, Hochschild coho- 

Cn ' mology and its variants can be endowed with additional structures; these have been 

the source of diverse interest |14j ; the most basic such is known as the Gerstenhaber 
C*^ ' bracket [5]. But even without further decoration, the algebra HH{A) has proved 

^— ^ , difficult to compute in specific examples, and its behaviour difficult to predict. One 

delicacy is the issue of finite generation of HH{A) which is not guaranteed for a 
finite dimensional algebra A, even modulo the ideal of nilpotent elements [15] ; yet 
there are finite dimensional self-injcctive algebras whose Hochschild cohomology is 
not merely finitely generated but finite dimensional [2]. 



C^ ' The subject of this article is the computation of HH in a basic example arising in the 

representation theory of algebraic groups. We examine the Hochschild cohomology 
of Schur algebras S'(2, r), which are finite dimensional algebras whose representation 
theory underlies the rational representation theory of the algebraic group G = 
GL2{F), where F is an algebraically closed field of characteristic p. Indeed, we 
compute the Hochschild cohomology of G for p > 2, which we define to be a certain 
inverse limit over r of Hochschild cohomologies of Schur algebras 5(2, r) [B]. The 
algebras S(2,r) increase in complexity as r increases, but we are nevertheless able 
to develop sufficiently sharp homological tools to achieve the calculation of their 
HH algebras. We apply a theory of algebraic operators (2-functors) on certain 
2-categories which underlies the representation theory of G [8], [9]. We also use: 
the theory of quasi- hereditary algebras [3], the theory of Koszul duality [I], the 
formalism of differential graded algebras and their derived categories [7] , a theory 
of homological duality for algebraic operators, explicit analysis of certain bimodules 
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associated with a well-known quasi-hereditary algebra c and its homological duals, 
and a fornialism of algebras with a polytopal basis. 

2. The answer. 

Suppose r = 0j ^g^ r'-''" is a Z-trigraded algebra. We have a combinatorial 
operator Dr which acts on the collection of Z-bigraded algebras S after the for- 
mula 

Or (£)*'== r^*^! (8)F S^''% 

j,ki + k2=k 

where we take the super tensor product with respect to the /c-grading. 

Let p > 2. In the main body of the paper we define an ijk-graded algebra 4|k with 
an explicit, canonically defined basis B^. A complete description of the algebra ^ft, 
its basis, and its product, is given in section [T2] 

There is a natural algebra homomorphism i^ ■(— <|k which is a splitting of the map 
sending 1 to the identity in <|k. This lifts to a morphism of operators Op ^ £^«|>. 
Since Dj^ = Op we have a sequence of operators 

Dp ^ OpO^, ^ OpD% ^ OpO% ^ ... 

We define hhi — DpD^^{F[z, z^^]). We prove that the map hhi -^ hhi^i is surjec- 
tive for / > 1, define hh to be the inverse limit of the sequence of algebras hhi. and 
establish the following: 

Theorem 1. Every block of the Hochschild cohomology of G is isomorphic to hh. 
Proof. See section [T31 □ 



Remark 2 For every I the algebra hhi inherits an explicit basis from 4|k with an 
explicit product as described in Corollary [25l these bases are compatible with the 
surjective maps hhi -^ hhi^i. 



3. Guidebook. 

The proof of Theorem [T] passes through a number of counties of diverse character; 
here we briefly describe some of these. In Section 2] we review some elements of 
the theory of Schur algebras, which are finite dimensional algebras commonly used 
in the study of rational representations of GL„; we make some comments that are 
related to the study of the Hochschild cohomology of Schur algebras. The Schur 
algebras we are interested in are not Koszul algebras; nevertheless, they are closely 
related to certain Koszul algebras and we make use of some pretty generalities 
concerning the Hochschild cohomology of Koszul algebras; in Section [5] we give an 
account of these. In Section IH] we introduce certain algebraic operators and gather 
together some facts about these that we have established in previous papers. In 
Section[7]we describe an interaction of these operators with Hochschild cohomology 
and Koszul duality. In Section [5] we recall from another paper [5] how special 
examples of our algebraic operators can be used to describe the representation 
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theory of GL2{F). In Section [9] we show that this description of the representation 
theory of GL2 {F) via algebraic operators along with the Section [7] analysis of the 
behaviour of Hochschild cohomology under such algebraic operators can be used to 
describe the Hochschild cohomology for the algebras relevant to GL2{F) in terms 
of an algebraic operator DH]i(j|t); here X — IHI(Tf2(t')) for a certain Koszul algebra 
il and a certain pair of dg fl-fl bimodules t ■ , and HH is the operator that sends 
a graded algebra x = 0^ cc* to a graded algebra 0^ _ffiJ(x°, x'). In Section [TOl we 
give a combinatorial description of the algebra Jit via certain bimodules; to do this 
we invoke a study of the negative part Jlt^ of Jit made in a previous article [9 , and 
Serre duality for $7. In Section [11] we perform a detailed combinatorial analysis 
of the Hochschild cohomology of certain bimodules appearing in the algebra Jit. 
A fact emerging here is that a certain quotient of J7, commonly known as the 
preprojective algebra of type A, possesses an involution a such that 

Q'T^Q*^ HH{n,e'') = HH{n,Q)*; 

the first of these formulas asserts the well known self-injectivity of 9, but the second 
asserts something similar holds under HH{il, —). In Section[T2]we use the analysis 
of the preceding section to give a combinatorial description of <|k = ]HIE[(J|^), firstly 
in terms of certain bimodules and maps between them, secondly via a monomial 
basis. Finally in Section [13] we reach our destination, and give a proof Theorem [1] 

4. SCHUR ALGEBRAS. 

The group GLn{F) of invertible n x n matrices is an algebraic group over F. 
The Schur algebra S{n) — 0r>o '^'('^i '') is by definition the graded dual of the 
bialgebra F[Mn{F)] of polynomial functions on the algebra Af„(F) oinxn matrices. 
The category of finite dimensional representations of the finite dimensional algebra 
S{n, r) is equivalent to the category of finite dimensional polynomial representations 
of degree r of the group GLn{F); this category contains for example the symmetric, 
exterior and tensor powers of the natural representation of degree r. The functor 

S{n, r) -mod -^ S{n, r + n) -mod 

sending a module M to M ® det is a fully faithful embedding. Taking the union 
Ui>o5'(n,r -I- Zn) -mod over the corresponding ascending sequence of such embed- 
dings gives us a category Cr that is equivalent to the category of rational representa- 
tions of degree r; this category contains representations of the form 1/(81 det~ where 
F is a polynomial representation of degree r -I- In. The category GL„(F)-mod of 
rational representations of GLn is a direct sum of categories 0rggCr. There are 
natural maps between the Hochschild cohomologies of Schur algebras as n and r 
vary, which we now record. 

Hochschild cohomologies of S{n, r) as r varies. We have a surjective algebra homo- 
morphism 5(n, r) -» S{n, r — n) which is dual to the functor 

S{n, r — n) -mod — > S{n, r) -mod 

sending a module M to M eg) det. We thus have functors 

S{n, r ~n) ®s(n,r) - ®S[n,r) S{n, r ~n): 

D^{S{n, r) -mod- S{n, r)) -^ D^{S{n, r - n) -mod- S{n, r^n)). 
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Note that S(n, r) is A-filtered as an S{n, r)-S{n, r)-bimodulc because it is a quasi- 
hereditary algebra. It is also the case that S{n,r — n) (g) S{n,r — n) is A-filtered 
as an S'(n,r)-S'(n,r)-biniodule, since S{n,r — n) is A-filtered as a left and a right 
S'(n, r)-module. For a quasi-hereditary algebra A we have ror^(A,A') = for 
d > [4j Lemma 5]. We thus have isomorphisms in the derived category of S{n, r)- 
S{n, r)-bimodules 

Sin, r-n) «)|(„ ,.) 5(n, r) ®^s(n,r) ^("> ^ ' ") 

= S'(n, r-n) ®s{n,r) S{n, r) ®s(n,r) S{n, r-n) 
= S(ji,r — n). 
The functor 

Sin, r-n) (^sin,r) " «'s(n,r) S{n, r-n) 
thus sends S{n, r) to S{n, r-n), giving us natural maps 
^o^D''is{n,r)-mod- s{n.r))iS{n,r), S{n,r)[k]) 

^}iomjjb^S{n,r-n)-mod-S{n,r-n)){S{n,r - n),S{n,r - n)[k]) 
and therefore a graded algebra homomorphism 

HH{S{n, r)) -^ HH{S{n, r - n)). 

In case n = 2 we prove that this algebra homomorphism is surjective for all r 
(Theorem [27]), and define HH{GL2{F)) to be the inverse limit of these algebras; 
it thus comes equipped with a surjective algebra homomorphism TfTf (GL2) -^ 
HH{S{2, r)) for every r. We do not know whether something similar is possible for 
n>2. 

Hochschild cohomologies of S{n,r) as n varies. Let n = {1,2, ...,n}. Suppose we 
have an embedding t : m — )■ n. This gives us an embedding 

S(ra,r) — £,S{n,r)^ -^ S{n,r) 

where f — J2i £in^h,h^i2-h---^ir,ir is an idempotent [B]. The algebra S{n,r) has 
standard modules indexed by partitions of r with < n parts, while the algebra 
S{m,r) has standard modules indexed by partitions of r with < m parts. The 
collection of partitions of r with < m parts is a coideal in the collection of partitions 
of r with < m parts. Consequently ^ is a good idempotent. Truncating by ^ gives 
a functor IIom(S'(n, r)^ (g) £,S{n, r),—): 

D''{S{n, r) -mod- S{n, r)) -> D^{S{m, r) -mod- S{m, r)) 

which sends S{n,r) to £^S{n,r)^ = S{m,r). We therefore have a graded algebra 
homomorphism 

: HH{S{n,r)) ^ HH{S{ni,r)). 

5. Hochschild cohomology of Koszul algebras. 

Grading conventions. We will be using multi-graded algebras, and we generally 
name these gradings by i,j, fc-gradings. The fc-grading will always be a homological 
grading, and differentials always have fc-degree 1, and (i, j)-degree (0, 0). When we 
speak of a differential (bi-, tri-)graded algebra, we mean (bi-, tri-)graded algebra 
which is a differential graded algebra with respect to the fc-grading. 
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Generalities. The general conventions we follow concerning Koszul duality are to 
be found in another paper we have written [lOJ. If you would like more details 
you can consult Appendix 2 of that paper, or the article of Beilinson, Ginzburg and 
Soergel [1 . Throughout this section, A denotes a Koszul algebra with degree part 
A^ isomorphic to a direct product of a number of copies of F. The Koszul dual of 
A is denoted A , and C = A ®ao A denotes the dg A-A-bimodule with internal 
differential given by a ® a i— >■ X^ngsi '^P ® P*^^ where B^ is a basis for A with 
dual basis {p*|p G B^\- The differential on C is given by internal multiplication by 
the unit element l — X^pesi P® P* '^ A^ ® A^ whose square is zero; the formula 
i^ = results from the fact A and A are quadratic duals: elements of A^ are dual 
to degree 2 defining relations for A whilst elements of A"^ are dual to degree 2 
defining relations for A. The corresponding ^-A-bimodule A ®a'^ A is denoted C'. 
The Koszul complex K is defined to be C ®ji^. A* . 

The dg algebra D. Let D denote the diagonal subalgebra 0^ ^{es^es)(A^A°P){et® 
et) of ^ ® A°P, which equals 0^ ^{esAet ®f etA-°Pes) as a vector space. Multipli- 
cation, by the sign conventions for taking tensor products and opposites, is given 
by (a (g) a)(/3 (g) b) ^ (_i)|a|l/3|+|a||b|Q,^ (g, j^^. The element l belongs to D, has de- 
gree 1, and squares to zero. We give this algebra a differential d defined by the 
super-commutator with — i, 

d{a (g) a) = [-i, a(S>a]^ ^ (-l)l"lap (g p*a - (-l)(l"l+l"l)l''*lpa ® ap* 

To see this gives D the structure of a dg algebra, note that the super commutator 
dy = [y, D] = yD — (— l)l'-'lny gives a graded algebra Y the structure of a dg algebra 
for any y E Y oi degree 1 such that y^ = thanks to the following formulas: 

dy(a6) = ya6-(-l)l°l+l''la5y, 
dy{a)b^{ya-{-iyy\\^\ay)b, 

dy{ab) = dy(a)b+{~l)^''^ady{b). 

dy{dy{a)) = dy{ya - (-l)l"lay) == 

y^a - {-lt\+^yay - {-l^^yay + (-Ijl^l+l'^l+ifly^ = q. 

There are two cases we are most interested in: when A is concentrated in /c-degree 
and A in nonnegative A:-degrees, and when A is concentrated in fc-degree and 
A in nonnegative /c-degrees; in the first case we write D — Da, in the second we 
write D ^ D'^. 

The complex C = A (g) A- is in a natural way a left dg A (g yl°P-niodule and we 
define a right L'-module structure on C by defining the action oi a (8) a G D on 
p, ® m e C by (/x eg) m) o (a (8) a) = (— l)l'^ll™l+l"ll™l^a ® am. This defines an 
algebra action which commutes with the natural left action oi A® A°'p . To check 
that this defines the structure oi dg A® ^-"P-D-bimodule we need to check that 
d[[p (g) m) o (a (g) a)) = d{p, ®m)o{a®a) + (-1)1^1+1™! (^ (g m) o d{a ® a). In the 
situation we wish to apply our theory to, A will be concentrated in /c-degree zero 
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and A will be concentrated in non-negative fc-degrees, so for the checking done 
here, we restrict to this case to avoid an overload of signs. In that case we have 



d{{n (g) m) o (a (g) a)) = (-l)l"ll"ld(^a (g) am) 

= (-_l)|a||™l Y^ ^ax®x*am 



as well as 



d{^i (g) m) o (a (g a) + (-l)l"l(/i g) m) o d{a g) a) 
= 2_] (M2^ 'X) a;*m) o (a g) a) 

+ (-l)l™l(^g)m) o ( ^ (Q;a;g)a;*a- (-l)l''la:;a g) ax*)) 

xeA'^ 
= (_l)l«ll'"l+l«l ^ (^a;a(gaa;*m) 

xeA^ 
^ (_l)kll™l ^ (^Qfx g) x*am - (-l)l''l,(ia;a g) ax*m) 

xeA^ 

= (_l)kl|m| ^ ^aa;®a;*am 

xeA^ 



which proves the claim. 

Resolutions. Consider the complex B = C g)^i A* g)^i C' which is isomorphic, as 
a vector space, to A g)^o ^•* g)^o ^. We have a natural map from this complex to 
the complex A, sending a g) a g) a' to aaa' for a € A^* = A'^ and zero otherwise. If 
we identify B with KC', this map represents the counit of the adjunction {K, C), 
and therefore our map defines a quasi-isomorphism of complexes of ^-^-bimodules 
B ^^ A. Since S is a projective A-A-bimodulc, we thus have a resolution B ^ A 
of A as an ^-^-bimodule. 



Lemma 3. We have isomorphisms of vector spaces, 

Rom AS) AopiB, A) = EomAO(^A«''p{A°,A' gj^o A) 
^ CsA'-et (g)F etAcs = 0(e, eg e,)(A' ®f A°P){et Cg e*) 

^ etAes ®F e^^'et = 0(et g) et)(yl g)F ^'°^)(es (g e^). 
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Proof. The second, third, fourth, and fifth isomorphisms hold by definition. The 
first holds by a sequence of adjunctions: 



Hom^^^op (A (g)^o a'* (S)ao a, A) = RomA{A(E)Ao ^'* <E)ao A,A)^°'' 

'* ®A« ^1 Hom 
HomAop(A'* (gjAO A,A)'^ 



= Hom^o(A'* (g)Ao A, RouiAiA, A))^"" 



= Hom^oop(A'*,Hom^op(A, A))^ 

= Hom^o^^oop(A'*,A) 

= Hom^ogj^oop (A° ®^o a'-*, A) 

= Hom^o^^oop(A'', Hom^o(74'*, A)) 

= Hom^og,^oop(A'^, a' (g)^o A). 



D 



Theorem 4. ('c/. 131 Theorem l.l]j M^e /ia?;e natural dg homomorphisms Da — > 
End(i3) and D'^, — > End(i3) which restrict to isomorphisms H{Da) — HH{A) and 
H{D'^)^HH{A). 



Proof. The algebra Da acts on the right of the tensor factor C of B, naturally 
commuting with the left action of A A°p , which gives the first homomorphism; 
similarly, the algebra Da'- acts on the right of C' giving the second homomorphism. 
The first homomorphism composes with the natural map Hom(_B, B) — >■ Hom(i3, A) 
and a series of adjunctions like those of Lemma |3] to give a sequence of quasi- 
isomorphisms 

Da -^ Hom(S, B) -^ Hom(B, .4) -^ Da 

whose composite is the identity. The dg homomorphism Da ^ End(i?) is con- 
sequently a quasi-isomorphism and therefore H{Da) ^ iJ(End(_B)) = HH{A) as 
required. Likewise H{D'^,) = HH{A). D 



We deduce the following classical result: 
Corollary 5. HH{A) is super-commutative. 

Proof. Since Da — ^'a°^ under the map a (8) a M- (— l)l°l'"la ® a, we have 

HH{A) = H{Da) = H{D'^,yP = HH{AyP, 
which is to say HH{A) is super-commutative. D 

Lemma 6. We have an isomorphism HH{A,A*) ^ A'^. 
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Proof. We have derived isomorphisms 

Hom^® Aop {A,A*) ^ Hom^i ^^op (C' (E)a A,C' (E)a A*) 
= Hom^!(g^op(y4' (g)Ao A,A°) 
= Hom^O(g^op {A, Hom^! (A' , A°)) 
^Hom^0(g^op(y4, A°) 
^ Hom^o^^op {A° (g)^o A, ^°) 
= Hom^o^^oop {A'^ , Hom^op {A, A")) 
= Hom^O(5j^oop(A",A°) 

Taking ff* gives the result. D 

Bimodules. Now suppose that X is a j-graded complex of A-A-bimodules. 
Theorem 7. We have an isomorphism 

HH{A, X) = iJ(0 e.A'et (^ etH\X)es) 

q s.t 

where the differential on ^^ ^ CgA'Ct (8) etH'^{X)es is given by 

a(E)x^ ^ (-l)l^lap (8) p*a; - (-l)(l°l+l^l)l'''lpa (g) xp* 
peB^ 

Proof. We assume A is concentrated in /c-degree and A is concentrated in non- 
negative A:-degrees. We can prove HH{A,X) is isomorphic to the homology of a 
complex 

Hom^O0^Oop(/l°,y4' <SlA" X) 

with differential 

a® a; i-^- ^ (-l)l^lap (g) p*a; - (-f )<^l°l+l^l^l''*lpa (g) xp* 
peB^ 

as we proved that HH{A) is isomorphic to the homology of 

D'^, = Hom^o^^oop(v4°,yl' (E)Ao A). 

Previously we used a sequence of natural dg homomorphisms 

D^i -> Hom(S, B) -> Hom(S, A) -^ D^i 

whose composite was the identity. In this case we rather use a sequence of natural 
dg homomorphisms 

RomAo^AOopiA^ 1 a'- (g)Ao X) — > Ilom{B,X) — ^ Hom^o0^oop(A°,74' g)^o X) 

where the first dg homomorphism sends an element a (E) x oi {A' (g^o X) to the 
element 

a g) ?7 ® a' (^ (-l)(l^l+l''l)l"'l)a(r?, a)W 

of Hom(_B,X), and the second dg homomorphism is obtained by a sequence of 
adjunctions like those in Lemma [3l the proof continues mutatis mutandis. The 
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complex Honiytog)^oop(A'^, A' (8)^0 X) has a filtration inherited from the radical fil- 
tration on A, whose sections are isomorphic to 

iiomAO(g,AO''p{A°,A'-P 0^0 X) 

We consequently have a spectral sequence converging to HH{A, X) whose Ei page 
is 

H" Hom^og^oop (A°, A'-p (g)Ao ^) = liomAO(sAOop{A°,A'-P 0^0 Hi{X)). 

Koszulity of A- implies di — ioi I > 2, because all differentials in the Koszul com- 
plex have degree one. In other words, we have degeneration at page 2 of the spectral 
sequence, and the E2 page gives us HH{A,X). Thus HH{A,X) is the homology 
of the complex Hom^o0^oop(A°, A- (8)^0 H{X)) whose differential is obtained by 
restricting the differential on Hom^og^oop(A°, A' (Sao X). This establishes that 

HH{A,X) = 0i?(Hom^o55^oop(A°, A- 8)^0 H''{X))) 

We have 

Hom^o^^oop(A",A'®^oi/«(X)))^0e,A'et®eti7H^)es 

The differential is as stated, and preserves the components 0^ ^ esA-et®etH'^{X)es, 
and therefore the theorem holds. D 

6. Some old things. 

Here we gather an assortment of notions and facts we have established in previous 
articles. More details can be found in those articles [5], [S], |10) . 

Bonded bimodules. Let A be a finite dimensional algebra. We say a pair M = 
(M, M') of A-A-bimodules are bonded if we have homomorphisms M (g)^ M' — )> A, 
M' ®A M -^ A, such that the resulting pair of maps 

M ®A M' ®A M -^ M 

are equal, and the resulting pair of maps 

M' ®A M (S)aM' -^ M' 

are equal. We call the pair and the maps a bonding. Given a bonded pair M of 
A-A-bimodules, we have a naturally defined i-graded algebra Tyi(M), with z-degree 
part given by A, degree i part M*^-*' for i > 0, and degree i part M"^-*~' for i < 
[ini Lemma 2]. If M is a differential graded yl-A-bimodule which is projective on 
the left and right as an A-module, then M and IIom^(7\f, A) are a bonded pair of 
dg bimodules [TOl Lemma 3]. 

Algebraic operators. Let T denote the collection of {A,M_) where A is a. differential 
fc-graded algebra and M is a bonded pair of differential fc-graded A-A-bimodules. 

We define a Richard object of T to be an object {A, M, M') of T, where A is an 
algebra (aka a dg algebra concentrated in degree zero with trivial differential) , and 
M, M' are adjoint two-sided tilting complexes [Tl] . 
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Let {a,rn) = {a,m,m') be a j-graded object of 7". We define 

Oa,rn O T 

be the 2-functor given by 

Oa,m,nAAM,M') = {a{A, M , M') , m{A, M , M') , m' (A, M , M')) , 
where 

aiA, M, M') = (0 a^ ® M'®-^^') ® (a° ® A) © (0 a' ® M^^^) 

j<0 ]>Q 

for a £ {a, m, m'}. 

We now recall the definition of the operator D . Let F = F'^'^ be a differential 
trigraded algebra. We have an operator 

Dr {S| S = ©E^*^ a differential bigraded algebra } 

given by 

(i) Ori^y" ^ F'^'*^! (g) S^''^ 

j,ki+k2=k 

The algebra structure and differential are obtained by restricting the algebra struc- 
ture and differential from F (g) E. If we forget the differential and the fc-grading, the 
operator Dr is identical to the operator Dr defined in the introduction. 

The following Lemma is a generalisation to the bonded setting of a result we proved 
previously Lemma 7]; as in that case, the first two parts follow directly from the 
definitions, and the third part follows from another previous result 10, Lemma 5]: 

Lemma 8. (i) We have an isomorphism of objects of T 

0,,„(A,M)-(Dt„(™)(T^(M))°<>',Dt„(™)(T^(M))1-,Dtj™)(T^(M))-i-), 

where the k-grading on the components of Oa,m{A, M_) can be identified with 
the k-grading on DT„(m)('T'^(M )). 

(a) We have an isomorphism of differential bigraded algebras 

£)t„(™)(T^(M)) - Ta{m){A,M). 

(Hi) We have an isomorphism of differential bigraded algebras 

Ta(m)(AM) = T,(^,M)(m(A,M)). 

7. Algebraic operators and Hochschild cohomology. 

Given a differential ijfc-graded algebra x = ® j a^N let ]HIH(x) = @^HH{x^,x^) 
with jfc-grading inherited from that on x. We write a — x^°* for the degree part 
of X in the i-grading. 

Assume that x^ is a Rickard tilting complex over x" for all i, and the product map 
x^x"^ — i> x''+* is a quasi-isomorphism for all /i, i. In this case 

HH{x°,x') = H* Rom^Ofgi^oapix" , x') = H* Roin^o^,j;Oop{x'' ,x''+''). 
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Identifying HH{x''\x^) with H* Hom^o^^oop^x'^jx'^^'^) via this isomorphism gives 
us a product 

HH{x°, x'') ® HH{x\ x') ^ i/H(a;", x^+') 
that gives ]HIIHI(a;) the structure of an ijfc-graded associative algebra. 

Theorem 9. Let {a,m) be a jk-graded object in T with a Koszul, and let {A, M) 
be a Richard object in T . Then we have 

HHOt„(„)(T^(M)) ^ OHH(T„(m))(HH(TA(M))) 

as ijk-graded algebras. 



Proof. For notational convenience, write y = Tyi(M) and for any j-graded a-a- 
bimodule n write n{y) for n{A,M_). We assume that a is Koszul. Then (a(g)aoa'*(8)aO 
a) ^> a is a projective a-a-bimodule resolution of a. Let y ^> y be a projective y-y- 
bimodule resolution of y (which has a natural j-grading inherited from the tensor 
grading on y) and as for y write n{y) = ■ n-' ^y^ for any j-graded a-a-bimodule n. 
Then we claim that a{y) (E)aO{y) (i'*iy) ®aO{y) ^(y) ~^ a(j/) is a projective a{y)-a{y) 
bimodulc resolution. Indeed, as a* is projective over a" (g) a''"^, y^ is projective 
over A on both sides and (y)-' is projective over A ® A°p for every j, we have that 
a-*{y) is projective over a° (g) A® (a" (g) A)°^ = a°(j/) (g)a°(j/)°P. Furthermore, a{y) is 
projective over a"(y) = a"® A on both sides so a{y)^a{y)°P is projective in a°(j/)(g) 
«''(2/)°^-mod, so we the induced module a{y) (E)aO{y) a*(y) <8)o0(y) a(j/) is projective 
in a{y) (8) a(y)°P-mod. It is obviously quasi-isomorphic to (a (JJaO a* (^faO a)(2/) and 
hence to a{y). 



Now we have isomorphisms 

HH{a{y),m\y)) ^ Hlioma(^y)^a{y)''p{a{y) ®a'>{y) a'*(y) ®aO(y) a{y),m'{y)) 
= i/HomaO(j,)^„o(j,)op(a'*(y),m'(y)) 
= iJHomaO^^^(<jO^^)op(a'*(y),m'(y)) 

by a quasi- isomorphism m*(j/) — ;■ m^{y), pTOJectivity oi a{y)'S>aO(y)a^*{y)(E>aO(y)a{y) 
and adjunctions. Similarly to a^*{y) being projective in a'^{y) (8> a*'(j/)°P-mod we 
have that 



a°(y) ®aO(y) a'*(y) ^ (a" ® A) ®aO®A a'*(y) = 0a'*J' (g) i 0^ y' 






is projective over a° ® A ® (a° ® A)''^. It is quasi-isomorphic to a*(y), so we have 

HRomaO0A(siaO(^A)''p{a'*{y),m'{y)) 

- HRomaO^A(s(aO^A)''p{{a° <S)A) (^aO(g,A a-*{y),m\y)). 
Now using adjunction again, we obtain 
iJHomaO^^^(aO^A)op((a° (g) Jl) ®aO(i,A a'* {v) , m" {y)) 

= H IIomaO^A(8.(aO<8.A)°p (a° «) i, HomaO^A(a'* (l/), m\y))). 
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Next we claim that HomjjO^^(a*(y), m'^{y)) is quasi- isomorphic to HomaO^^(a*, m^){y). 
Indeed, denoting quasi-isomorphisms by ~^v"i ^ ^g have 

^ Hom„o (a'*^'^ , {m'y^+^^) (g, HomA(y^'" , y^^+^^) 



nei..j2>o 



^■ 



qim 



Hom^o {a-*'^ , {my^ +^^ ) ® Hom^ {y^^ , y^' +^^ ) 



jiezj2>0 
by quasi-isos y-' — > y-* G A-proj 



jiezj2>o 



c^ 0Hom„o(a'*,m*)^'^ ® 2/^' 

= Homao(a'*,m*)(y). 
As a° ® ^ is projective over aP ® A® (a*^ (8) AyP , we have 
i?HomaO^^^(„o^^)op(a°(8)i,Hom„o^^(a'*(2;),m*(y))) 

= i/HomaO^^^(<jO^^)op(a° (g) A, Homao(a'*,m*)(y)), 
= iJHomaO^^^(<jO^^)op(a° (g) Jl, (a' (gao w*)(y)) 
Putting everything together we obtain 

HH{a{y),m\y)) = H}lojna(y)^a(y)''p{a{y) ®aa(y) a'* {v) ®a«(y) a{y),m\y)) 
= HilomaO(y)i^a«(y)''p(a'*{y),m'{y)) 
= i/HomaOg^^(<jO^^)op(a°(y) (E)a«(y) a'* (y) , m' (y)) 

— H 'iioinaO^A0{aO0A)'>PaO(S,A(g,(aO(g,A)°P {o, (y), (o' (g) w}){y)) 

= ff Hom<jO^^^(<jO^^)op(a° (g A, (o' g) m''){y)) 

= 0i/HomaO^^^(<jO^^)op(a°g)i, (a- (gm*)-' (gy^) 

= 0i/HomaO0aOop(a°,a' (g) my (g iJHomA®A°p(^, y^) 

i 
^ iJiJ(a,m*) (HH(y)) 

completing the isomorphism as vector spaces. The fact that this is an isomorphism 
of zjfc-graded algebras follows from the fact that on both sides multiplication is 
obtained from multiplication on Ta(m) g) Ta(M). D 

Lemma 10. Suppose X — ^ X^ is a differential ijk-graded algebra with A = 
X''^ Koszul and X'^ a Richard tilting complex over A. Then IHIH(X) is isomorphic 
to H{DX°P), where DX is the dg algebra 0^ ((e^ «) es){A'- g) X°P){et g) e*) with 
differential 

a g) a; K^ ^ (-l)l^la/9 g) p*x - (-l)(l"'+l=^l)l'''lpa g) xp* 
peB^ 
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Proof. Consider the space 

^HRomA<g,A^.{B,X'). 

i 

This space admits a natural right action by EI]HI(X), via the identification of 
HH{X°,X^) with H Homxog)xo°p {X'', X''+'), and a natural right action by H{DX) 
via the dg homomorphism 

Honi^o^^oop(A'', a' (Ki^o X"-) -^ }lomA(g,A''p{B,X) 

of Lemma [T] These actions commute, and the corresponding map H{DX°p) -^ 
0jEndH]i(x)(B,X*) = ]HIH(X) is an isomorphism, also by Lemma[7l This implies 
the statement of the lemma. D 

For convenience, we record the following. 

Lemma 11. Let {a,m) be a jk-graded object in T with a Koszul. Then we have 

(T,(m))=HH(H(T,(m))). 



Proof. We have 

HH(Ta(m)) =^HH{a,m^) 

i 

by definition 

i q 

by Theorem [7] 

= HH(H(Ta(TO))) 

by definition. 



D 



8. Representations of GL2{F). 

Let G — GL2{F). The representation theory of G can be studied explicitly. We 
have proved [51 Corollary 27] that every block of GL2{F) is equivalent to a union 
of categories 

UMOF^aOl^_{F,iF,F))-mod. 
Here c is the finite dimensional algebra generated by 



J7l J)2 '/p-l 

' ^ 2 ' ^ 3 ... p-1 ^ 

i^ • >;. -- • • ..^^ . 

?1 42 fp-l 



modulo the ideal 

and t = (t,t^^), where t is a Rickard tilting complex representing the canonical 
tilting bimodule for c. Note that the original statement did not use bonded bi- 
modules as, in this entirely positively graded setting the adjoint never contributes, 
and worked with the tilting bimodule rather than a Rickard tilting complex and 
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therefore did not need to take homology in the end. That working with t as defined 
above resuhs in a quasi-isomorphic algebra was established in [HI Lemma 22]. 

Since quasi-isomorphic algebras share the same Hochschild cohomology, we define 
hhi to be the Hochschild cohomology of the algebra Oi^^oOi t(^7 (^7 ^))- I^i order 
to compute the Hochschild cohomology of G we compute hhi . 



9. Reduction. 

The following Proposition demonstrates how our formalism of algebraic operators 
and homological duality reduce the computation of the algebra hhi to the compu- 
tation of the algebra ]HIIHI(IHI(Tc! (t')), where t' = (t-,t-~-'^) it the image of t under 
Koszul duality. 

Proposition 12. We have hhi — ^i^'^iiHfHrT ,(t!)))(-^[-^' ^^"^D- 



Proof. We have algebra isomorphisms 

hhi = HHOKoOLt(^, (F, F)) 

^ HHDi;'D^_^(t)(F[z,z-i]) by Lemma[51|il) 

= OFOl^^f^j^f^~^^{MM{F[z, z"i])) by Lemma [Sllnl) and TheoremE] 

Rather than computing HH(Tc(t)) directly as ^^HH{c,V), we pull c through 
Koszul duality. We have derived equivalences (|10j, Appendix 2) 

i:'(c-bigrjk) = D{c- -bigrjk), i:>(bigrjk-c) = D(bigrjk-c') 



U I 

C I— >■ C ®c" C, CM-C(8)cOC'. 

Here D(c -bigrjk) denotes the derived category of differential j'fc-bigraded left c- 
modules and I?(bigrjk-c) denotes the derived category of differential jfc-bigraded 
right c-modulcs. Putting these together we have 

i:>(c -bigrjk- c) = D(c' -bigrjk- c') 



and since the equivalences (— Oc' c* (^c" c, — igJc c gJcO c) are adjoint equivalences 
(cf. |10j . Appendix 2, Adjunction) we have an isomorphism in the derived category 
between c and c* OcO c^c° c', Furthermore, by definition t' is the image oft under 
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the above equivalence. We thus have an isomorphism 

(TTcCt))- 0i/if (c,tO 

i 

= 0i?Homc®c°p(c,t') 

i 

i 

= 0i/Homc!^j.!op(c',(c'* (g)eO t(g)cO c')') 
i 

= 0HHomei^^!„p(c',t'') 

(Tc^(t')). 



which im.phes 

completing the proof of the Proposition. We note that, as we are ultimately in- 
terested in p with fc-grading given by the homological grading on Hochschild co- 
homology, we work with the gradings that suit this purpose, i.e. c is assumed to 
be concentrated in fc-degree zero and c is assumed to be concentrated in positive 
/c-degrees. 

We have now established that hhi = DfO^^^^ ^^^,^^{F[z,z-'^]). But eH(Te!(t')) 

is isomorphic to ]HIIHI(IHI(Tc! (t))) by Lemma [TT] which completes the proof of the 
Proposition. D 

The above Proposition leaves us with the problem of computing H]HI(]HI(Tj,! (t))) in 
the remaining sections. We compute IHI(Tc!(t)) in Section [TOl then the Hochschild 
cohomology of the bimodules appearing in H H [c- , H'^ [f)) for various i in Section 
[TT| and finally infer the multiphcation on HH(H(Tj,! (t'))) from that on H(Tc!(t')) 
in Section [T2l 

10. The algebra X = H(Te!(t')). 

In this section we compute the homology algebra of the dg algebra T^i (t ■ ) . The 
latter algebra has interesting homology, entwining the algebra c, its dual, its tilting 
bimodule, and a preprojective algebra in a subtle way. 

We first need some notation. The algebra c has generators ^ and 77, and its Koszul 
dual c — ^ has dual generators x and y; Here is the quiver of Vl: 






• . ^ • 



Vl J/2 Vp-1 



The relations for £7 are xiyi = and xy = yx. For notational convenience we use 
a different convention for the direction of arrows in J7 than we used in our previous 
article [9]. 
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We define the algebra Q to be the quotient n/ftepft, and a is the involution of Q 
which switches Cs and e^-s, and x and y. The algebra Q is called the preprojective 
algebra of type Ap^i. It is a self-injective algebra with Nakayama automorphism a. 

Homology of the bimodules t* . The complex t~^ can as a left complex of projectives 
be presented as a two term complex 

i<;<p-i 

because t~^ sends Pi to Pp -^ Pi ioi I ^ p and Pp[— 1] otherwise. The adjoint t' of 
this complex can, again as a complex of left projectives be represented as 

i<i<p-i 

The homology of this complex is zero in degree and J7epf2 in degree 1. 

The i + 1-term complex representing t'^* 

ne®P ^ ...^ne®P ^n{ Y, eO 

i<;<p-i 

for z > has homology 

f7,e'",e,e'",...,e'"' 

generated in degrees — i, — i + 1, . . . , —1, ([9l Lemma 27]). Taking Homo(t'^', ft) 
and using the standard duality i7-mod = mod- 57, the adjoint t* can be represented 
as 

n{ Y ei)^ne®p^...^nefp, 

1<1<P-1 
which is generated in degrees 0, 1, . . . , i, and has homology 

o,o,e'^'"^...,e,e^e,f}^ 

for z > 1. 

We now describe the algebra ^ via a collection of bimodules, and bimodule homo- 
morphisms. By the above analysis, its structure as an 51-51-bimodule is given as 
follows, where the rows represent powers of t', and the columns represent homolog- 
ical degrees (where the 51 appearing alone in a row is in position (0, 0)): 



n* 



n 













0" 


e 












e 


n* 












n* 












riepfl 












n 












n 


8'^ 










n 


e" 


6 








n 


0" 


e 


6'^ 








6'^ 


e 


6'^ 


e 
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Remark 13 The bimodule ricpfi is a tilting bimodule for the Ringel self-dual 
quasi-hereditary algebra il. We can recover Tc!(t) from its homology, since t' is 
quasi-isomorphic to flCpQ. 

The algebra il is (j, fc)-graded with both x and y in {j,k)-degree (—1,1) coming 
from the {j, A:)-grading on c, which has 77, ^ in (j, fc)-degree (1,0). 

In [HI Lemma 27(ii)] we established that as differential bigraded modules IHI(t-^*) is 
isomorphic to 

n{-ip)[i{p - 1)] © Q^i^ii - l)p)[{t ~ l)(p - 1)] ® • • • © 6'"' (0)[0] 
The structure of lit = EII(Tc! (t~^)) as a fc-graded ri-fi-bimodule is therefore given 

by 













n[o] 








n[p^ 


-1] 


e"[o] 






n[2p^2] 


e-b- 


-1] 


e[o] 




n[3p~3] 


e"[2p-2] 


eb- 


-1] 


e"[o] 


n[4p - 4] 


e'^[3p-3] 


e[2p-2] 


e-b- 


-1] 


e[o] 



and the structure of Jft as a j-graded il-il-bimodule is given by 

n{Q) 









n{~p) 


e'^(o) 






n{-2p) 


e-(-p) 


9(0) 




n{-3p) 


e-{-2p) 


e{-p) 


9^(0) 


i-ip) 


e-{-3p) 


e{-2p) 


e-(-p) 


9(0). 



The summands of the complex representing t' viewed as a differential bigraded left 
fi-module are given by t'e; = flCp-i © ilep{l) [1 — I] and has homology fiepf^e; (p) [1 — 
p], which sums up to give total homology il.ep^{p)[l — p]. For t-^, we obtain a 
differential bigraded left fi-module t-^e; = fie/ ffi flep{p — l)[l — p + 1] ® ^ep{p + 
l)[—l — p + 2]. The homology of this is the injective /; = (eii7)*, which has socle in 
j-degree p + l - {p-l) - [l -I) = 2 and fc-degree -I - p + 2 + {p - I) + {I - I) = Q, 
hence H(t'2) !^f7*(2)[0]. 

We obtain J|k+ — H(Tc! (t)) from l^t^ by noting that Vl* ©q — is a Serre functor on 
D^{il) and hence in the ungraded setting we have 

t'-' =Homn(t'\f7) ^Homo(l^,f7*©t'*)* ^ Homn(f^,t''+2)* =t'^+2*. 

Putting in gradings, this gives 

t'-'' = Homn(r!,rj*©t'*)*=Homn(r!,t'*+2(-2)[0])*=t''+2*(2)[0], 
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SO 

H(t'*) = (H(t'-(*-2))(|_2))* 

- (0(-(* - 2)p)[(z - 2)(p - 1)] © e-(-(* - 3)p)[(z - 3){p - 1)] © • • • © e^'"(0)[0])*(2) 

= {n*{{t - 2)p)[{t - 2){i-p)] © e-*((* - 3)p)[{z - 3)(i - p)] © • • • © e'^'"'*(o)[o])(2) 

^n*{2 + ii- 2)p)[(^ - 2)(1 - p)] © e"(2 + (^ - 3)p)[(« - 3)(1 - p)] © • • • © e"'"'*(2)[0] 
Using e* = e'^(p - 2) [2 - p], wc obtain 
M(t'') ^ 0*(2+(i-2)p)[(«-2)(l-p)]©e((i-2)p)[(i-2)(l-p)+l]©- • •©e"'"'(p)[2-p] 

Hence the structure of J|k+ as a fc-gradcd il-il-bimodule is given by 







e[2- 


-p] 


e"[3- 


-2p] 


e[4- 


3p] 


rt*[3- 


M 






9'^ [2 


-p] 


e[3- 


-2p] 


^*[2- 


-2p] 










e[2- 


-p] 


n*[i- 


-p] 














17* [ 


0] 














flepflll - 


-P] 


















n 




















ile the structure of J|k+ 


as c 


I j-graded i7-i7-biniodule if 


5 given by 












e{p) 




e-(2p) 




e(3p) 


n" 


-{2 + 3p) 








e^{p) 




e{2p) 


n- 


^(2 + 2p) 












e{p) 


n*{2 + p) 
















il*{2) 
















V,ep^i 


[P) 


















n 





















The symmetric algebra ik- Under favourable circumstances the algebra IHI(T^(Af, M ^)) 
is a symmetric algebra: 

Lemma 14. Suppose A is a finite dimensional dg algebra and M a finite dimen- 
sional dg bimodule that is projective on the left and right as an A-module such 
that M' ®a — is a Serre functor for the derived category of A, for some I. Then 
B[(T^(M, M^"*^)) is a symmetric algebra via the symmetric bilinear form 

H(Ta(M, M-^)) © H(Ta(M, M~1)) -^ F 

that is a sum of forms 

HM-' © HM''+^ -^ F. 

Proof. Since tensoring with M' = M®-*' is a Serre functor for the derived category 
we have H A-H A-\)\mod\x\e isomorphisms 
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HM-' ^ HllomA{M\A) = HllomA{A,M^ CS> M')* 



This defines our forms. We can place such, isomorphisms in a diagram of natural 
maps 



HIioiaA{M\A)(^FM- 



-^ HA'P+'* (g)F M 



H HomA(M\ M) *- H UompiM CSif M'-\M) —^^-^ HM'+^-'^* (g)^ M* ®f M 

1, 



HRomA{M(g)FM'-^,M) 



H HomA(M ®A M^-'^,M) 



-^ HNP-^+^* 



iJHomA(M*-\ A) 

that commutes. Adjunctions and the isomorphism M -^ M** give us natural 
isomorphisms 

Homj.(Ar"i+'*, Af*+'"i* ^F M* (^f M) = Hom^(Ar"i+'* ®f M*,M*+'"1* ® M* 

= HomF(M*"i+'* ®F M* ®F M, M*+'"i* 

which allows us to identify the bottom right arrow in our diagram (a counit) with 
the identity on i/M*+'^^*, or an arrow pointing in the other direction (a unit). 
The commutativity of the bottom half of the above diagram is equivalent to the 
commutativity of the diagram 



HRomAiM^M) 



H RouiAiM'-'^ , A) 



■HA'P+^-^* ®fM* ®fM 



HM*-i+'* 



Putting this together with the top half of the severed diagram gives us a commu- 
tative diagram 



HY{omA{M\A)®FM ■ 



HRomA{M\M)- 

i 
HRomAiM^-\A) 



HM'+^* (8)_F M 



HM'+^-^* ®F M* ®F M 



HAP-^+^ 
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The left hand vertical of t/iis diagramdescribes the right action of A/ onM{T a(M, M^^)), 
and the right hand vertical corresponds to the right action of M onM{T a(M, M^^))* . 
This implies that the identification of M.{T a{M,M~^)) with its dual induced by 
our forms is right _ff Af-equivariant for i > 0. Likewise the identification is right 
_ffAf*-equivariant for i > 0, likewise left i/Af'-equivariant for i > 0, and likewise 
i/Af*-equivariant for i < 0. D 

Corollary 15. 1ft is a symmetric algebra. 

Proof. We apply the above Lemma in case A = Vt, Af = t-, and 1 — 2. D 

The product on Ift. We now investigate the algebra structure on Jit. In another 
place [9l Lemma 27(iii)] we showed that J^~ is nothing but the tensor algebra 
irn(B'^) (g) F{(). We define here a number of bimodule homomorphisms, which we 
then show provide the remaining multiplications in lit. 

Lemma 16. We have natural bimodule homomorphisms, 

/3 : Qepfl^ {Qepn)* , 
a : flcpfl '^ 57, 7 : il* — » flCpQ, 
e: rj*(gnf^* ^ ^* , 
: ftepil (g)o ri* = il*, Cr ■ ^* ®o rtcpil = ft*, 

rj : flcpfl (SJo flcpfl = Q* , 

9i : n i^in ^* ^ ^Cpfl, 0r : ^* ®n ^ ^ ncpfl 

t; : fi (g)o ri* -> n, Lr : D,* >g)n n ^ D,, 

x-.e^e*", 
1^1 : e (g> Q'^ ^ n* , i^r ■■ &" (s> & ^ ^* , 



Proof. Let us define a form 



rtcpfl ® flcpft -» F 



sending esX'^y'^et^esix''' y'^ Cf iolii s = t' ,t = s' , and d+d' = e + e' = p—1, and to 
zero otherwise. This is a symmetric associative nondegenerate bilinear form, giving 
us the isomorphism /3. The natural embedding of ficpil in 57 is a. Composing a 
and P and then dualising gives us 7. We have a bimodule homomorphism 

e: Q.* ®n^* -^ ^* , 
which can be obtained as the composition 

n* ®Q, VL* ^n* ® ncpVL -^ n*, 

where the first map is Ifj. $§7 and the second is obtained by restricting the action 
of 57 on 51*. Since the kernel of the map 51* -^ Q,epVt is sent to zero under left or 
right multiplication by Cp, the map factors through VLcpQ, (g)n VLcpVi, giving us Q, 
C,r, and rj. Note that 77 is an isomorphism, because 

Homi?(51ep57 ®q ftepil, F) = Homo(57ep57, Hom(57ej,5], F)) 

= Homo(57epr2, nepfl) = fl 
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where the last iso comes from the fact that flcpfl is a tilting bimodule; taking 
Hom(— ,i^) gives us riepQ ®o Qcpfl = fl* . Since 77 is an isomorphism, QiCr a-nd e 
are also isomorphisms. 

The morphisms 9i, Or are just given by 7 composed with the canonical isomorphisms 
ri(g)or2* ^ Q* ^ CI* i^fifl and t/, tr are the compositions of 9i, Or with a respectively. 

The preprojective algebra is self-injective with Nakayama automorphism a^ giving 
us A. Indeed, the map 

that sends CgX'^y'^et'S^es'x'^ y'^ ef to 1 ii s — t' , p — t = s' , and d + d' + e + e'=p—l, 
and to zero otherwise, is an associative nondegenerate bilinear form, such that 
(a, a') — (a' , a'^). By definition we have a canonical surjcction k : f2 ^> O, implying 
we have a dual bimodule homomorphism ^^ r2*. 

Composing the product map Q (g) Q'^ — > 0°" with fi gives us i>i ; similiarly for Vr ■ O 

Loosely speaking, the naturality of F-linear duality means we have products given 
by natural maps on both Jlt'^ and Jlt~ so long as we have products given by natural 
maps on Jlt^; this much naturalness we have established in our paper on the Yoneda 
extension algebra of G [9_ . But we should be more precise. 

To describe the product on X using our natural bimodule homomorphisms we split 
the algebra into five parts: ri_, which consists of all copies of J7 in X~, 0~, which 
consists of all copies of or 0°' in llt^ , ilcpfl, which sits in i-degree 1, J7^, which 
consists of all copies of il* appearing in #+, and 0+ consisting of all copies of 
or 0'^ in *+. 

Proposition 17. The multiplication between these five parts is given by the fol- 
lowing table: 





n- 


0_ 


VtepVl 


0+ 


0; 


fi_ 


a 


a 


a 


a 


L, 0, a 


0_ 


a 


a 





Q,a,v 





nepn 


a 





ri 





C 


0+ 


a 


{),a,v 











nx 


L, 0, a 





c 





e 



Here a is our generic notation for an action map. For the products where we give 
several options, the choice depends on the component in which the product lands. 
In the case oj products between f7_ and U,*^ this is determined by 

Component in which the product lands: f7_ f2epJ7 Q,*^_ 

Natural map describing the product: b o, 

and in the case of products between 0_ and 0+, it is given by 

Component in which the product lands: ^^ Q,epVl 0+ fi^ 

Natural map describing the product: Q Q a v. 
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Proof. The fact that the product on #^ is as given in the top left 2 x 2-corner of 
our table we have already established in a previous paper ([9] Proposition 21). 

We consider zero products in Jit. There are two reasons for which the product of 
a pair of components ci and C2 of Jit is necessarily zero in Jit. Firstly it may be 
the case that the only elements of Jit with the same degree as ciC2 is 0, for some 
grading on Jit; this argument implies that the product of 0+ and Qj^- is zero, and 
that the product of components of 0_ and 0+ is zero if the component in which 
the product lands lies in Jlt^ . Secondly it may be the case that ci <Sin ci — 0; this 
argument implies that the product of 0+, 0_ and J^Cpfi, J7* is zero, since afi* and 
^e^^ are quotients of J^e®^, we have ® ile^ = 0, and 8 (8) — is left exact. This 
provides all remaining zeros in the table. 

We consider nonzero products of components c\ and C2 both of which lie in 9fi^ . The 
only situation in which such products occur is the case where both c\ and C2 and 
lie on the diagonal, and are thus either isomorphic to f2epi7 or i7*. The product 
in this case can be identified with the maps we have defined thanks to the fact 
that t'^ — J7ej,r2; indeed making this identification means that t* can be naturally 
represented by Q**"', where Q is a projective bimodule resolution of r^epil. We 
have a quasi-isomorphism Q —>* Jlepfi; the rightmost component of El(t') is thus 
identified with fiepfi®"' which is naturally identified with 51* for i > 2 via the 
natural maps C and rj; these identifications provide our products. 

We consider nonzero multiplication of components ci and C2 where one of these 
belongs to Jlt^ and the other belongs to ♦+. Since Jlt^ — Tn(6°'), we only need to 
consider the case where one is a component of IHI(t-^^) and the other a component 
of H(t') for i > 1. We now use the fact that J|^ is a symmetric algebra via the Serre 
functor t'^ (g)f2 — : for Y a component of t'^^ the product 

has dual 

Tensoring with Y and contracting with the counit for Y gives us 

t'-*+2* ® r ^ t'~'+3* <g) y* ® y -4 t'-'+^*, 

which by Corollary[T5]is a map t'®!" —> t*~^. Consequently, whenever the product 
^.-1+3 g>, y ^. t-«+2 Qg^Q ]-,g identified with an action map, the corresponding map 
t* (gi y -^ t'~^ can also be identified with an action map. We can recover the 
product of Jlt^ and Jlt~ from previously established products with this observation. 
To begin with, this argument implies that products of fl- with components of 0+, 
products of fi- with J7^ landing in 57^, and products of 0_ with 0+ landing in 
0+ are as stated. We are left with the problem of checking four types of maps: the 
product of rj_ with 17^ landing in riepfi; the product of 57_ with fi^ landing in r2_ 
the product of Q^ with Ocpfi landing in r2_; the product of 0_ with 0-|_ landing 
in ri'^. These four types can be dealt with the following way: we factor over an 
action map, whose dual we know to be an action map by the preceding argument. 
For example, for the fourth type of product, we know the product of a component 
0_ with a component 0+ landing in a component fl* of $1^ must in fact land in 
the subset 8'^ C 51* obtained by dualising the map 57 — )■ 8 and identifying 8* with 
8'^; this product must be dual to an action map of 8 on 8 landing in 8 (possibly 
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twisted by a); this means it must be given by i^i or Vr as required. For the third 
type of product, it is enough to treat the product of riCpQ in z-degree 1 with Q in 
i-degree —1, landing in D, in i-degree 0; this product is dual to the action of flcpfl 
in z-degree 1 on Q,* in z-degree 1, factoring over 7 : 11* — >■ Qepfl and landing in il* 
in z-degree 2; this product is dual to the action of flcpfl on Q as required. For the 
first and second type of product, it is enough to treat the product of fl* in z-degree 
2 with Q in z-degree —1, landing in Qcpfl in z-degree 1; this product factors through 
the map 51* — > flCpQ and allowing for the factorisation is dual to the action of 51 
on 51*; the products are thus 61, 6r, H, or t^, as required. 

In the above argument we have established the product on Jit in its entirety, but 
there is a small gap: we have not shown that the isomorphism between 51* and 
51ep51®"* used in defining the product on ^+ is compatible with the identification 
of the rightmost component of IHI(t*) for z > 2 with 51* by taking the dual of the 
leftmost component of IHI(t*) for z < 0. To see this it remains for us to note that 
the product of t* with a component Y' of t-^ can be obtained from the product 
of t"'"*"^* with Y' by the same argument that establishes the product oft' with a 
component Y of t~^ is obtained from the product of t'^'^"^* with Y; consequently 
the identification of the rightmost component with 51* by taking duals mentioned 
above demands that multiplication by the component 51ep51 of is given by an action 
map, which is compatible with the isomorphism between 51* and Hepfl®*^* used in 
defining the product on J|k+, as required. D 

11. Explicit Hochschild cohomology of some bimodules. 

Here we describe the components of HH{c-,Jlt) as i/i/(c)-i/i/(c)-bimodules. 

Let us first describe the centres of our algebras c and c . 

Lemma 18. The centre of c is Z{c) = F.l®c^ . The centre ofn is Z{n) = F[z]/zP 
where z — xy has k- degree 2. 

Proposition 19. Suppose p > 2. 

(i) HH{^) is isomorphic to Z{c)® Z{Vt)® /\{k)/ {c^ .z,c^k,zP~^k), where c^ has 

jk-degree (2,0), the z has jk-degree (—2,2) and k has jk-degree (0, 1). 

p— 1 
(ii) HH{n,Q) is isomorphic to HH{n)/{z^^) as an HH{Vl)-HH{Vl)-bimodule. 

(Hi) HH{Vt,Q") is isomorphic to i7i7(51, 6)* as an HH{VL)-HH{Vt)-bimodule. 

(iv) HH{Q,,Q*) is isomorphic to 51". 

(v) HH{VL, 51ep51) is isomorphic to the kernel 0/ the natural surjection 

HH{n) -^ iJiJ(51)/(zT^). 

Proof. @i We know HH{il) — HH{c) = H{Dc), and therefore compute the ho- 
mology of Dc = ®3 t CgCet <E) et51es. The differential on Dc sends a® a to 

a^ ® ya + arj ® xa — (— l)l"l^a ® ay — (— l)'°'r/a ® ax 

The complex Dc is Z^-graded, where we give Cs degree (0,0), we give x and y 
degree (0,1), and we give ^ and 77 degree (—1,0) (note that this is induced by 
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our normal j-grading). The differential therefore has degree (—1,1). We have a 
basis for e^cet (8> etflcs given by those monomials es£,™'^ri™''et (8) eta;'"^y™"es which 
are not zero in this space. In terms of graded subspaces of Dc, the only nonzero 
components are D"^'", D^^'^^ D-^^^z+i a,nd i:)-2,2i+2 for < Z < p - 1. The first is 
just c^ (g) Iji and isomorphic to c^. Setting z = xy and 

as.i = Ss^es+i (g) es+iyz'cs, 6^,/ = e^r^es^i (g es_ixz'es, Ws,; = 6^^7765 g) Cs^'^-^Cs 

the other three have bases given by {e^ esz'-es\s — ^ + 1, . . .p}, {as,i,bs.i\s — 
I + 1, . . .p — 1} and {ws,z|s = I + 2, . . . ,p — 1} respectively. Our complex Dc is then 
a sum of the complex 

^ c^ ^ 
and the sum over / of complexes, for < I < p — I, 

(0 ->i?(0^2/) ^ ^(-l,2i + l) ^ ^(-2,2i+2) ^ 0) 

^ (0 — ^ F^^' — > F^P-2-^^ — > pp-2-i _^ Q\ 
and the differential acts on the ^-component by 

from where we see that in the sequence Z?"'^' — >• D~^'^^^^ -^ jj-2.21+2 ^j^^, ^^^^ j^g^p 
is surjective, the first has one-dimensional kernel spanned by X]s=/+i ^s ® f^sZ^'Cs — 
1® z^ (the centre of O), and one-dimensional homology in the middle spanned by 
Kz' where k := YTs=i ^s,o- The homology of H{Dc) is therefore 

p-2 p-1 

c2®0Kkz'©0F.z' 
/=o ;=o 

and the multiplication is obvious from this explicit description. In our gradings, the 
j-grading sees r],^,x,y in degrees 1, 1, —1, —1 respectively, and the k grading has 
r],£,,x,y in degrees 0,0,1,1, so the factor c^ has (j, /c)-degree (2,0), the element z 
has (j, fc)-degree (—2, 2) and the element k has (j, A:)-degree (0, 1). This completes 
the proof of Q . 

(in]) We need to compute the homology of I?c,e '■= ®s t ^sCet (g etOcs with differ- 
ential 

a ® TO I— > a^ (g) ym + arj (E) xm — (— l)'™'^a g) m,y — (— l)'™'7ya g) ttix. 

The only nonzero components are D'^q , -Dj,'q , -D^q and i^^gj for < Z < 
2^. The first is just c^ g) In and isomorphic to c^ and contributes to homology 
as before. The other three have bases given by {cs g) esZ^es\s = / + 1, . . .p — Z — 1}, 
{cLs^i, bs^i\s — l + l,...p — l — 2} and {ui^^ils — Z-|-2,...,p — / — 2} respectively. Our 
Our complex Dc is then a sum of the complex 

^ c^ ^ 



and the sum over I of complexes, for < ^ < p — 1, 

p,(0,2/) „(-l,2i + l) ^{-2,21 

= (0 ^ i?P-2'-l ^ ^2p-4i-4 _^ pp-2l-3 _^ Q^ 



(0 -,Z)(°^2') ^ i^i-J'^'+^' ^ Di-^''^+'^ ^ 0) 
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and the differential acts as before on the basis elements. Again the last map is 
surjective, the first has kernel X^^^z+i ^* ® esz'e^ = 1 eg) z', and homology in the 
middle is spanned by kz^ — X]s=i {^^y{o.s.i — bs.i)- The homology iJ(Z?c,e) is 
therefore 

c2®0F.z'k©0Kz' 

1=0 1=0 

with multiplication natm'ally induced by multiplication in c and fl. This completes 
the proof of ^ . 

(pli| To compute HH{n, 6"^) we need to compute the homology of 

s,t 

which as a vector space is isomorphic to ^^ ^ e^cet (8) et0ep_s. This has nonzero 

components D^. qJ ' for / = 0, . . . , 2^, as well as i't.'e"^ ^^"^ -^c'e^'^" 

for / = !,..., ^^ , with bases given by 

{e^ «) esxP'''-^-^y''-^-^ep^s\s = I + 1, . . . ,p - I - 1} 



and 

respectively. As the differential has degree (—1, 1), for I = we obtain homology 
spanned by {cg ® esxP~^~^y^~^ep-s\s = 1, ... ,p — 1} in degree (0,p — 2). This is 
equal to 1 (g) (G°')''~^. The rest of the complex is a sum over I ioi I — 1, . . . , ^^ of 

(0 ^D^:,^-'-''^ -> Di:ir'-''^ ^ Di:ir''^ ^ o) 

^ (0 ^ ^p-2i-l _^ p2p-4l _^ pp-2l+l _^ QY 



Setting 



fs,i^es£,es+i(S)es+ixP ' ' '^y' 'eps, 



Vs,i = Esirjes ® esxP " 'y" 'ep_s 
respectively, the differential acts as 

Cs ® esxi'-'-^-'^y'^-^-^ep^s ^ fs.i + fs-i.i + fjs.i + 9s-i.i 

fs.l ^ Vs.l + Vs+l,l 
9s,l ^ -Vs,l - Vs+l,l- 

It is easy to see that the first map is injective. However, the image of the last 
map is spanned by Vs,i + Vsj^ij for s — I, . . . ,p — I — 1 and is hence only p — 21- 
dimensional, leaving one-dimensional homology in both the middle (spanned by 
1^1 = (/fizii ; + gpul i) say) and the end (spanned by vi = (upzii ; ~ Vp±i j), say). In 
order to describe the structure as i/i/ (c)-iy_ff(c)-bimodule, we need to determine 
the action of the generators of HH{c) on this. It is clear that both vi and ^; 
are annihilated by c^. Direct computation shows that K.fjLi = vi, z.^i = ^i-i 
and z.vi = vi-i. By graded dimensions, the only other non-zero product could be 
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c^-D^ Q„ , which hes in degree (— 2,p — 2), where vi also lives. Direct computation 
shows that with our choice of representatives of homology, we obtain 

{es^T]es ® e,.)(e, (g) esxP-'~^y'~^ep^s) = 2 ("l)"^""^! 

and all other product with non-matching idempotents are obviously zero. The 
(j, fc)-degrees of the basis elements are {—p + 2,p — 2) for e^ ^ esX'P~^^^y'^~^ep-s 
for s = l,...,p- 1, then {-p + 2 + 2l,p~ 21 - 1) for ^; and (-_p + 2 + 2/,p- 2?) 
for VI. 

This completes our combinatorial description of HH{il., 0°'). To define an isomor- 
phism between HH{fl, &"') and HH{il, 9)* we now define a bilinear form 

I-, -I : HH{n, e") (g) HH{n, Q)^ F 

such that 

\h,h'h"\ = \hh',h"\, \h,h"h'\ = (-l)l'''l''(l''l'=+l''"l'=)|/i'/i,/i"|, 

for h G HH{n,e''), h' G HH{n), h" € HH{n,&). Indeed the form |-, -| which 
pairs 2{-l)'^-%es(SesxP-'-^y'-^ep-s) G HH{n, G"^) with e^f??® 1 G HH{n, 6), 
which pairs z' with vi+i, and which pairs z'k with fii+i has the required prop- 
erty; in fact all signs (—1)''* l'=(l''lfe+l'' l^) are -1-1 when \h'h,h"\ is nonzero for ele- 
ments h,h' ,h" of our canonical bases since the super-commutation relations defining 
HH(yi) are all commutation relations, with z lying in degree 2. 

(pv]) This follows from Lemma [6] 

(jvj) We have an exact sequence of rj-fJ-bimodules, 

-^ ncpU ^ O ^ 6 ^ 0. 

Applying Hom(rj, — ) gives us an exact triangle 

Homn^o^pC^j^epri) -^ Homn®o°p(^, ^) -^ Homn®o°p(^, ©) -^ 

in the derived category of i^-F-bimodules, which corresponds to an exact triangle 

HH{n, flepfl) -^ HH{n, n) -^ HH{n, 9) -^ 

We know HH{il,Q) and HH{fl,Q), and from our calculations the map between 
them is visibly the canonical surjection. This completes the proof of (v) . D 



We give some pictures visualising the structure of the bimodules in case p = 5 
(the numbers down the left hand side denote the fc-grading and along the top the 
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Remark 20 The bimodule isomorphism 

HH{n,e'') = HH{n,Q)* 

of ProDOsition lTW iii) is striking, since we also have 9*^ = 9* as bimodules. This du- 
ahty between Hochschild cohomologies does not foUow from basic general principles 
and therefore deserves further comment. We give a more conceptual explanation 
of its origin here, and in addition demonstrate that 

HH{n, 9) ^ HH{n, 9'")* (4 - p) [p - 2] 

as jfc-graded bimodules. We have a short exact sequence 

-> nepn ^il-^Q-^0 

whose dual is 

^ nepn(2p - 2}[2 - 2p] ^ fl* ^ S" {p - 2}[2 - p] ^ 0. 

Applying derived Homn,gn°p(^, — ) gives us an exact triangle 

HH{n,e''){p-2)[2-p] -^ HH{n,n*) -^ HH{n,nepn){2p - 2}[2 - 2p] ^ 

We know that HH{il,nepil) is the kernel of HH{n,il -^ 9), an extension of 
F[k,z]/(k2,zt^)(1 -p)[p- 1] by F{2~2p)[2p-2]; we know that HH{n,n*) is 
iso to F®P{0)[0]. Two copies of F cancel in the derived category in our triangle via 
the map HH{'j) (see proof of Lemma [^ the product (}i), leaving us with an exact 
triangle 

HH{n,e''){p-2)[2-p] -^ F®P-^ -^ F[k, z]/ {k^ , z'^){l-p)[p-l]{2p-2)[2-2p] -^ 

which we can shift to a triangle 

F[k,z]/{k'^,z'^){p-1)[1-p]{2-p)[p-2][1]^ HH{n,Q'') ^ F®P''^{2-p)[p~2]^ 

which is a triangle 

F[k,z]/{k^,z'^){1)[0] -^ HH{n,e'') -^ F®P-\2 - p)[p - 2] -^ . 

That is dual to the exact triangle 

F®P-\2)[0] -> HH{n, 9) -^ F[k,, z]/{k^, z"^) -w . 

Here we use the self-injectivity of F[k, z]/{k'^, z^s~), which is given by an isomor- 
phism 

F[K,z]/{K^z'^)^F[K,z]/iK^,z'^r{'S-p)[p-2] 
of F[k, z]/(k^, z^~)-F[k, z]/(«-?, z^~)-bimodules. We thus have 

HH{n, 9) ^ HH{n, 9"")* (4 - p)[p - 2] 
as jTc-graded HH{il)-HH{il)-himodu\es. 
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Remark 21 The spaces computed in Lemma fT9l come with natm^al bases. Indeed, 
we have bases for these bimodules, indexed by pairs {d,x) where d denotes a jk- 
degree and x an idempotent such that xmd.x = 'nid,x'- 



Bx ={m^2i,2i,i\Q < ' < P - 1} U {m_2;,2i+i,i|0 < I < p - 2} 

U{TO2,0,eJl < S <_p- 1}; 

% ={m_2;,2i,i|0 < I < ^^} U {m^2L2i+is\0 < I < ^^-} 
U{m2,o,eJl <s<p~l}; 

B^> ={m2,,_2;,i|0 < I < ^y^} U {m2/^_2i-i,i|0 < ^ < ^^-} 

U{TO-2,0,eJl < S < p - I}; 

Bno ={TOo,o,eJl < s <p}. 



More precisely we have 

Bx ={1, z'\0 <l<p~l}U {kz'|1 <l<p-2}U {e.^ri 1|1 < s < p - 1}; 
%• ={^i+i|0 < I < ^} U {/.,+i|0 < I < ^} 
U {e, esxP-'-^y'-^Cp^sll < s < p - 1} 



and we identify B^ and B^ with subsets of B^ in the natural way. The basis B^o is 
merely the set of idempotents es for 1 < s < p. 



12. The algebra 4 = HH(*). 



Cute as J|k is, to compute the Hochschild cohomology of GL2 we must diminish it, 
by taking Hochschild cohomology with respect to ft. The resulting algebra we call 
4|k. In the remains of the paper we assume p > 2. 

p— 1 
Description via bimodules. Let x = HH{^), let x — x/^~^~> ^^d let x denote 

the kernel of the natural surjection x ^^ X, so we have isomorphisms HH{fl, Q) = 

X, HH{il, Q°') = X* and HH{il, ilcpO) = x- Then by taking componentwise 

Hochschild cohomology we see that the structure of 4 as a x-x-bimodule is given 
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by 



X n° 

no 



X 

X X* 

X r X 
X r X r 

X T X X* X 



From the structure of Jit as bigraded ri-il-bimodule, wc infer the structure of ^ 
]HIH(J|k^) as a /c-graded x-X-bimodule 



X 

x[p-i] rb-2] 

x[2p-2] x*[2p-3] X 

x[3p-3] r[3p-4] x[p-i] rb-2] 

x[4p-4] r[4p-5] x[2p-2] r[2p-3] x 



the structure of <|k as a j-graded x-x-bimodule 

X 
X(-P) X*(4-p) 

x(-2p) r(4-2p) X 

Xi-Sp) X*(4-3p) X(-P) r(4-p) 

x(-4p) X*(4-4p) x(-2p) x*(4-2p) x 



HOCHSCHILD COHOMOLOGY OF GL2(Fp) 31 

the structure of ♦+ = IHIH(J|t+) as a /c-graded x-x-bimodule 

Xi'2-p] r[l-p] x[4-3p] 0"[3-3p] 

r[0] x[3-2p] ^0[2-2p] 

x[2-p] r!0[l-p] 
r!0[0] 

x[i - p] 
X ; 

and finally the structure of 4|k+ as a j-graded x-x-bimodule 

X{P) r(4 + p) X(3p) r!"(2 + 3p) 

r(4) x(227) n'>{2 + 2p) 

X{p) n°{2+p) 

xip) 

X(0) 

In order to give the multiplication on ^, wc first define a number of x-X"bimodule 
homomorphisms between the various components of 4>- 

Lemma 22. Let -A", ()i, Or; 4, ♦r; ^i; ^r 'J'^c? ▲ be the x-X'^^'^^odule homomor- 
phisms obtained by applying HH(fl, — ) to a : Q"^ (x) 0'^ — ;> 0, 0;, 0^^ t;, t^^ zy;^ zy^^ 
and ?7 respectively, which we identify with products of components of H(c°p Cx) ^). 
Then the products of basis elements in these spaces that are nonzero are given as 
follows: 

* : X* ^x X* ^ X 

LLp-i (X) Up^zI ^^ ^v{ep^ — Cp+i ) 

2 2 2 2 

p — 3 p-1 , p — 3 

(ep+1 (g) ep+ix 2 y 2 ep-1 ) (X) /ip-1 I— > K2 2 

2 2 2 2 

p-1 p-3 p-3 

(ep-1 (g) ep^x 2 y 2 ep+i ) ® /ip:ii M> kz 2 
22 22 

p — 3 p — 1 p-3 

Up_i (g) (e_p+i (g) ep+ix 2 y 2 ep^)i-^Kz 2 
22 2 2 

p-1 p-3 p-3 

Up-1 (g) (ep^ (g ep^x 2 y 2 ep+ijM-Kz 2 
22 2 2 

Or X ®x ^" ^ X' O'- : ^" ®x X ^ X 

1 (g) ep 1-^ zP-^ ep (g) 1 1-^ zP^^ 
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1 (8) Cp i-> z^^^ ep®l^ zP~^ 

1 ® (e^ (g) esxP"^"^?/""^) i-> e^, l<s<p-l 

{es®esxP'''~'^y^'^)(g)l^es, I <s <p-l 

A: x«)xX^^°, 

z~2- 2:^~ !-)► ep 

Proof. The product -A". Let us consider the element kz~2- of HH{n,, Q). From the 
proof of Lemma [TWi) we find it is equal to X]s=i o,s,oz^^ ■ We know that as,o-2^~ 
is zero unless s = ^^^; consequently 

p — 3 p — 3p— 1 

2 2 2 2 

The image of Cp^ (E) 2^~ under the differential is 

2 

p — 3 p — 1 p— 1 p — 3 

ep^fep+1 (8) ep+ix ^ y 2 ep^ — ep+i??ep^ ep^x ^ V ^ ep+i , 
222 2222 2 

and therefore in homology we have 

p— 3 p— 3 p— 1 p— 1 p— 3 

Kz 2 — Cp^^ep+i (8) ep+ix ^ y 2 gp^ = Cp+inep^ ep^x 2 y 2 ep+i . 
222 2222 2 

We have /ip^ = Cp^^Cp+i ® ep+i + Cp+irycp^ (8 ep^. Multiplying in c°p (g) ^ 

2 22 2 22 2 

gives us if. 

The product <>;. Consider the product 9i : Q. ^ fl* —> Q.epn. This factors over the 
action map O dS) fiepSl -^ flCpQ, and consequently 0/ factors over the action map 
X ® X ~^ X- If we want to know 0; it therefore suffices to know HH{'^) : il" — > %. 
However, since in our computation of HH{Vl, W) the space $7° is identified with the 
socle of O* in the tensor product c°p ® fi*, the socle of VI* contains z^"^ G ilepfi in 
the identification of ficpfi with a quotient of 51*, and has product zero with Cg for 
s y^ p, we observe the map HH^j) is nothing but the map that sends Cp to z^"^, 
which fits with the stated structure of 0/ ■ 

The product ♦; . The product t; is merely the composition of 9i and the embedding 
of ^CpQ in 57. Therefore ♦/ is the composition of <0; and the natural embedding of 
X in X- 

The product D;. Consider the product ;/; : O ® 0'^ — s- il*. This is the composite 
of the action of Q on Q'^ and the embedding /i of 8*^ in XI* in which the socle of 
0'^ is identified with the socle of il* . To know HH{vi) it therefore suffices to know 
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HH{ii). Since in our computation of HH{il,n*) the space fi^ is identified with 
the socle of ft* in the tensor product c°^ fi*, and /i identifies Cg (8> egxP^'^^^y'^^^ 
with the element of the socle of fl* corresponding to e^ G il°, the product D; is as 
stated. 

The products Or, ♦r, and D^ are established similarly to Oi, ♦;, and Dj. 

The product ▲. We know that under A the radical of x must have product zero 
with all elements since $7" is semisimple. This leaves us with the problem of finding 
the square of the element zt~ of x in ^°- The element z^r- of ilepfl squares to 
zP~^, and the socle of fl* contains z^~^ £ ilepfl in the identification of ilepfi with 
a quotient of fl* . The same old socle argument now implies that ▲ is as stated. 

D 

We use these maps to describe the product in 4|k, where we again gather together 
components which are isomorphic (up to shift), according to whether they lie in 
<|k^ or <|k^, in a similar way as in Proposition 1171 

Theorem 23. Products between the various components in <|k are given by the 
following table 





X- 


X- 


xl 


2( 


x+ 


x; 


n\ 


X- 


a 


a 


a 


a 


a 


a 


♦ ,0,a 


X- 


a 


a 


a 





0,a 


o,a,n 





T- 


a 


a 


• 





o,a,n 








^ 


a 








▲ 











x+ 


a 


0,a 


o,a,n 














xX 


a 


o,a,n 

















^l 


♦ ,0,a 





















Possible ambiguities are covered by further tables. For the product of il'^ and X- 
Component in which the product lands: X X ri']_ 
Natural map describing the product: ^ () a 

For the product of x+ and x_ : 

Component in which the product lands: X+ <|k~ 
Natural map describing the product: a 

For the product of x* - o,nd x+ '■ 

Component in which the product lands: X* + ^+ ^+ 4|k^ 
Natural map describing the product: a D 
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For the product ofx*+ o.nd x_; 

Component in which the product lands: X* + ^+ f^+ <|k^ 
Natural map describing the product: a D 

Proof. Why these products? AU the action products arc inherited from action 
products in ^; all the zero products are either inherited from zero products in ^ 
via Lemma [2H or determined by the fact that the products lie in degrees in which 
there are no nonzero elements with respect to the various gradings; for example 
HH{e) = HH{C,) = by this reasoning. D 

A basis. We describe a basis for 4|k indexed by elements of a polytope. Roughly, we 
label basis elements m^.x for <|k by a pair (d, x) where d £ Z'^ denotes a ijfc-degree, 
and X denotes an element of £7*^, either 1 or an idempotent. 

More precisely, here is our basis for <|k: 

fi* =B^_ U %_ U %._ U i3^ U %^ U %.^ U Bno 

={'m'a,b,t,j+ap,k+aii~p),x\mj^k,x ^ B^, a < 0, b ^ 0, i = a + b} 
^{'m-a,b,i,3+ap,k+a(i-p),x\'m--j^k.x G %_ , « < 0, 6 < -2, 6 even ,i^a + b} 
^{ma,b,i,j+{4-p)+ap,k+(p-2)+a{i-p),x\mj,k,x G %* _ , « < 0, 6 < -l,6odd ,i = a + b} 

U{TOi,o,lj,fe+p,i,|TOj,fc,a; £ B^ 

^{'>TT'a,b,i,j+p+{a-2)p,k+(2~p)+{a-2){i-p),x\mj,k,x G %^ , o > 2, 6 > l,6odd , i = a + b} 

^{ma,b,i,3+4+(a-2)p.k+(a-2){l^p),x\mj.k.x € %*+,« > 2, 6 > 2, 6 cvcu , i = a + b} 
U{TOa,6,^,J+2+(Q-2)p,fe+(a-2)(l-p),xl'7^J,fe,a; € ^00,0 > 2, 6 = 0, i = a + 6} 

We describe the ab grading as follows: in our pictures of <|k a shift by a corresponds 
to a move to the northeast by a and a shift by b corresponds to a move to the north 
by b. The product of a pair of basis elements in 4|k is either another basis element, 
or the sum of a basis element and the negative of another basis element, or ±i 
a basis element, or zero; when a product of ma,b,i,j,k,x-'ma' ,b' ,i' j' ,k' ,x' is nonzero, 
the basis elements in the product take the form nia+a' ,b+b' ,i+i' ,j+j' ,k+k' ,y precise 
formulas for the product are given bt the formulas in the statement of Lemma [22] 
and the table in the statement of Theorem [23l 

13. The algebra HH{GL2). 

The category G-mod has countably many blocks, all of which are equivalent. Cor- 
respondingly, the Hochschild cohomologies of all blocks of G are isomorphic. It is 
therefore sufficient to compute the Hochschild cohomology of the principal block h 
ofG. 

Theorem 24. We have isomorphisms of k-graded algebras 

hhi^DFO'^{F[z,z-']). 

Proof. This is a restatement of Proposition [12] D 

Corollary 25. The algebra hhi inherits an explicit basis from 4^- 
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Proof. We explicitly write down such a basis as follows: let S4 denote our basis for 
4. We have a basis for the algebra 4®*'' ^f F[z, z"^] given by B^^ x {z'^\d e Z}; 
the product of basis elements is the super x product, we define the weight of a 
monomial rriw^ (gi ... ® m-uii ® 2" in B^ x {z'^jii £ Z} to be 

{wj - w],wl ~ w],....,w[ - w\r\a- w\) £ Z'+\ 

where {wi,Wj) denotes the ij-degree of mw We have a basis for the algebra 
Di^D^(F[z, z~^]) given by weight zero elements in B^ x {z'^\d £ Z}; the prod- 
uct is the restriction of the product on B^ x {z'^\d G Z}. D 

Corollary 26. T/ie map hhi — >■ /i/i;_i is surjective for I > 1. 
Proof. The map d|k — ;• _F is surjective, implying 

is surjective for any a, implying 

iDF£)<|,(a)-^D|.(a)=Di.(a) 
is surjective for any a, implying 

is surjective, implying /i/i; — >■ hhi^i is surjective. D 

Corollary 27. T/ie map HH{S{2,r)) -^ HH{S{2,r - 2)) corresponding to the 
tensor product with the determinant representation is surjective for r >2. 

Definition 28. We define HH{GL2) to be the inverse limit over r of the algebras 

HH{S{2,r)). 

By Corollary [27l the natural map HH{GL2) —^ HH{S{2,r)) is surjective for every 
r; furthermore every block of HH{GL2) is isomorphic to lim; hhi. This completes 
the proof of Theorem [TJ 
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